Abstract Conflict-free coloring is a kind of vertex coloring of hypergraphs requiring each hyperedge to have a color which appears only once. More generally, for a positive integer k there are k-conflict-free coloring (k-CF-coloring for short) and k-strong-conflict-free coloring (k-SCFcoloring for short) for some positive integer k. Let H n be the hypergraph of which the vertex-set V n = {1, 2, . . . , n} and the hyperedge-set E n is the set of all (non-empty) subsets of V n consisting of consecutive elements of V n . Firstly, we study the k-SCF-coloring of H n , give the exact k-SCFcoloring number of H n for k = 2, 3, and for arbitrary k present upper and lower bounds of the k-SCF-coloring number of H n for all k. Secondly, we give the exact k-CF-coloring number of H n for all k. Finally, we extend some results about online conflict-free coloring for hypergraphs obtained in [5] to online k-CF-coloring.
Introduction
A hypergraph is a pair H = (V, E) where V is a set and E is a collection of subsets of V . The elements of V are called vertices and the elements of E are called hyperedges. If for any e ∈ E, |e| = 2, then the pair (V, E) is a simple graph. For a subset V ′ ⊂ V , we call the hypergraph H(V ′ ) = (V ′ , {S ∩ V ′ |S ∈ E}) the sub-hypergraph induced by V ′ . An m-coloring for some m ∈ N of (the vertices of) H is a function φ : V → {1, . . . , m}. Let φ be an m-coloring of H, if for any e ∈ E with |e| ≥ 2, there exist at least two vertices x, y ∈ e such that φ(x) = φ(y), we call φ proper or non-monochromatic. Let χ(H) denote the least integer m for which H admits a proper coloring with m colors. The following coloring is more restrictive than non-monochromatic coloring. Definition 1.1 (Conflict-Free Coloring) Let H = (V, E) be a hypergraph and let φ : V → {1, . . . , m} be some coloring of H. φ is called a conflict-free coloring (CF-coloring for short) if for any e ∈ E there is a vertex x ∈ e such that ∀y ∈ e, y = x ⇒ φ(y) = φ(x).
The CF-coloring number χ cf (H) is the least integer m for which H admits a CF-coloring with m colors.
The notion of CF-coloring was first introduced and studied by Smorodinsky [20] and Even et al. [12] . Such coloring is very useful in wireless networks, radio frequency identification (RFID) networks and vertex ranking prolem. Refer to the survey paper [22] by Smorodinsky and the references therein for more descriptions. Such coloring have attracted many researchers from the computer science and mathematics community. As to CF-coloring of hypergraphs that arise in geometry, refer to Smorodinsky [20] , Even et al. [12] , Har-Peled and Smorodinsky [15] , Smorodinsky [21] , Pach and Tardos [19] , Ajwani et al. [2] , Chen et al. [10] , Alon and Smorodinsky [3] , Lev-Tov and Peleg [17] and etc. As to CF-coloring of arbitrary hypergraphs, refer to Pach and Tardos [18] .
Smorodinsky [20] considered extensions of CF-coloring and introduced the following notion.
Definition 1.2 (k-CF-coloring)
Let H = (V, E) be a hypergraph, k be a positive integer. A coloring φ : V → {1, . . . , m} is called a k-CF-coloring of H if for any e ∈ E there is a color j such that 1 ≤ |{v ∈ e|φ(v) = j}| ≤ k.
The k-CF-coloring number χ kcf (H) is the smallest number of colors in any possible k-CF-coloring of H. Note that 1-CF-coloring of a hypergraph is simply a CF-coloring.
Refer to Smorodinsky [20] and Har-Peled and Smorodinsky [15] for the study of k-CF-coloring. Another extension of CF-coloring is called k-SCF-coloring, which is defined as follows: Definition 1.3 (k-SCF-coloring) Let H = (V, E) be a hypergraph, k be a positive integer. A coloring φ : V → {1, . . . , m} is called a k-SCF-coloring if for any e ∈ E with |e| ≥ k, there are at least k colors which appear only once in e, and for any e ∈ E with |e| < k all points in e are of different colors.
The k-SCF-coloring number f H (k) is the smallest number of colors in any possible k-SCF-coloring of H. Note that 1-SCF-coloring is just a CF-coloring.
Abellanas et al. [1] were the first to study k-SCF-coloring 1 . They focused on the special case of hypergraphs induced by n points in R 2 where hyperedges are cutdown by discs and showed that in this case the hypergraph admits a k-SCF-coloring with O( log n log ck ck−1 ) = O(k log n) colors for some absolute constant c. Aloupis et al. [4] introduced another coloring called k-colorful coloring, which has interesting connection with strong-conflict-free coloring. Refer to Horev et al. [16] for the connection and research for k-SCF-coloring.
Throughout the rest of this paper, we let H n = (V n , E n ) be the complete hypergraph over n points, here V n = {1, 2, . . . , n}, and E n = {E ⊂ V n |E = (a, b) ∩ V n , a, b ∈ R, a < b and E = ∅}. For example, for n = 4, we have V 4 = {1, 2, 3, 4} and
Har-Peled and Smorodinsky [15] proves that χ cf (H n ) = ⌊log n⌋ + 1 as a simple yet an important example of CF-coloring of a hypergraph.
In Section 2, we consider k-SCF-coloring of H n , give the exact k-SCF-coloring number of H n for k = 2, 3,and present upper and lower bounds for the k-SCF-coloring number of H n for all k. In Section 3, we give the exact k-CF-coloring number of H n for all k. In the last section, we consider online k-CF-coloring of any hypergraph.
For simplicity, in the following we denote by ⌈x⌉ e the least even integer greater than x, and ⌈x⌉ o the least odd integer greater than x for x ≥ 0.
k-SCF-coloring of H n
In this section, we consider k-SCF-coloring of H n and focus on f Hn (k) especially. By the definition of k-SCF-coloring, it's obvious that any k-SCF-coloring of hypergraphs induces a k-SCF-coloring on their sub-hypergraphs, and so f Hn (k) is monotonic in n. For m = 1, 2, . . . , define
i.e. g k (m) is the largest n such that we can give H n a k-SCF-coloring by using m colors. The idea is that if we can get one clear expression of g k (m) as a function of m, then we will be able to obtain f Hn (k) by the formula f Hn (k) = inf{m : g k (m) ≥ n}. Generally, we have the following inequalities.
Lemma 2.1 Suppose k, m, p, q ∈ N, m ≥ k and k + 1 = p + q. Then we have
Proof. Suppose the inequality is not true, then there is some way to color g k (m−p)+g k (m−q)+2 points using m colors and the coloring is k-SCF. Suppose these
where A, B are two points. Because the coloring is k-SCF, there are k colors {a 1 , . . . , a k }, which appear only once over the g k (m − p) + g k (m − q) + 2 points. But less than p of these k colors could appear in {N region} ∪ {B}, otherwise there will be at most m − p colors in {M region} ∪ {A}, which is a contradiction with respect to (w.r.t. for short) the definition of g k (m − p). So there are at most p − 1 colors of {a 1 , . . . , a k } which appear in {N region} ∪ {B}, that is, at least
So now there will be at most m − q colors which appear in {N region} ∪ {B}. This is a contradiction w.r.t. the definition of
By the above lemma, we have the following result.
Next we focus on two simple cases k = 2 and k = 3.
Theorem 2.3 For any m = 2, 3, . . . , we have
Proof. By Corollary 2.2(i), in order to prove (2.2), we need only to prove that for any m = 2, 3, . . . , g 2 (m+1) ≥ g 2 (m)+g 2 (m−1)+1, i.e. there exists a 2-SCF-coloring for g 2 (m)+g 2 (m−1)+1 points using m + 1 colors. For simplicity, in the folloing we use one sequence a 1 , a 2 , . . . , a n or (a 1 , a 2 , . . . , a n ) to denote a 2-SCF-coloring φ : {1, 2, . . . , n} → {1, 2, . . . , m} for some m with φ(i) = a i for i = 1, . . . , n, and denote by C m one 2-SCF-coloring for g 2 (m) points using m colors. Obviously, we have g 2 (1) = 1, g 2 (2) = 2. Now we give the constructions by the inductive method. For m = 1, 2 and 3, let
where the bold colors appear only once. If we reverse all the above three coloring sequence and denote
, then we know that all of them are 2-SCF.
For m = 4, we construct C 4 by (1, 2, 3, 1, 4, 2, 1). Note that the color sequence on the left hand side of "4" is "1, 2, 3, 1", i.e. C 3 . The reversion of the sequence on the right hand side of "3" is "1, 2, 4, 1". One of these two color sequences is changed to the other one if we exchange the colors 3 and 4. Now we assume that for m ≥ 3 and any l = 3, . . . , m, we have constructed the 2-SCF-coloring C l by following the above idea such that each coloring C −1 l is 2-SCF also. Denote C m by the following color sequence
where the colors m − 1 and m appear only once. Basing on the coloring (2.3), we construct one (m + 1)-coloring for g 2 (m) + g 2 (m − 1) + 1 points as follows:
where the color sequence on the left hand side of "m+1"
and the reversion of the color sequence on the right hand side of "m"
can be transformed mutually if we exchange the colors m + 1 and m, and some other color pairs which appear in the color sequence "a g 2 (m−1)+2 , . . . , a g 2 (m) " between the colors m and m + 1, i.e. the color sequence on the right hand of the color m in C m (for example, for C 5 , since the color sequence between 4 and 5 is "2, 1", we should exchange the colors 1 and 2, and then we obtain C 5 = (1, 2, 3, 1, 4, 2, 1, 5, 2, 3, 1, 2); for C 6 , since the color sequence between 5 and 6 is "2, 3, 1, 2", we should exchange the colors 1 and 3, and then we obtain C 6 = (1, 2, 3, 1, 4, 2, 1, 5, 2, 3, 1, 2, 6, 3, 2, 4, 3, 1, 2, 3) ). Obviously, the colors m and m + 1 appear only once.
Next we prove that the coloring (2.4) is 2-SCF. For any hyperedge e of H g 2 (m)+g 2 (m−1)+1 , if it contains both color m and color m + 1, then it satisfies the condition of 2-SCF-coloring. If not, then the color sequence associated with e is a subsequence of (2.5) or the reversion of (2.6), and thus it satisfies the condition of 2-SCF-coloring by our construction.
Corollary 2.4 For any n = 1, 2, . . . , we have
Proof. By Theorem 2.3, we have
Thenĝ 2 (m) satisfies the following recursive relation:
with the initial two valuesĝ 2 (1) = 2 andĝ 2 (2) = 3. Henceĝ 2 (m) is just the Fibonacci number F m+2 , which can be expressed by
, we have
Hence we have
By (2.8) and the formula f Hn (2) = inf{m : g 2 (m) ≥ n}, we obtain (2.7).
Theorem 2.5 For any m = 3, 4, . . . , we have
Proof. By Corollary 2.2(ii), in order to prove (2.9), we need only to prove that for any m = 3, 4, . . . , g 3 (m) ≥ 2g 3 (m − 2) + 1, i.e. there exists a 3-SCF-coloring for 2g 3 (m − 2) + 1 points by using m colors. As in the proof of Theorem 2.3, in the following we use one sequence a 1 , a 2 , . . . , a n or (a 1 , a 2 , . . . , a n ) to denote a 3-SCF-coloring φ : {1, 2, . . . , n} → {1, 2, . . . , m} for some m with φ(i) = a i for i = 1, . . . , n and denote by C m one 3-SCF-coloring for g 3 (m) points using m colors.
Step 1. Suppose m = 2p + 1 is an odd integer. For p = 1, 2, let C 3 = (1, 2, 3) and C 5 = (1, 2, 3, 4, 1, 5, 3) , where the bold colors appear only once. Denote B 3 = (1, 5, 3). Then C 5 can be expressed by C 3 , 4, B 3 . For p = 3, we construct C 7 basing on C 5 by
.
(2.10)
Now assume that for p ≥ 3 and any l = 3, . . . , p, we have constructed the 3-SCF-coloring C 2l+1 by following the above idea. Denote C 2p+1 by
Basing on the above coloring (2.11), we construct one (2(p + 1) + 1)-coloring for 2g 3 (2p + 1) + 1 points as follows:
Now we show that (2.12) is a 3-SCF-coloring. Notice that the three colors 2p, 2p + 2, 2p + 3 appear only once.
If a hyperedge contains the colors 2p, 2p + 2 and 2p + 3, then it satisfies the condition of 3-SCF-coloring. So we need only check those hyperedges which do not contain all these three colors. Hyperedges which do not contain all the colors 2p, 2p + 2 and 2p + 3 have the following four types (with overlapping):
1. Those which do not contain color 2p + 3; 2. Those which do not contain color 2p; 3. Those which do not contain color 2p + 2 and color 2p + 3; 4. Those which do not contain color 2p and color 2p + 2.
In the following, we only check Type 1 and Type 3. The proofs for Type 2 and Type 4 are similar to the cases of Type 1 and Type 3, respectively. If a hyperedge e belongs to Type 3, then the color sequence associated with e must be a subsequence of C 2p+1 , and thus it satisfies the condition of 3-SCF-coloring by the inductive hypothesis.
Suppose that a hyperedge e belongs to Type 1 but not Type 3. Then the color sequence associated with e contains the color 2p + 2 and is a subsequence of the following coloring
(2.13)
Noting that in the above coloring, the three colors 2p, 2p + 1, 2p + 2 appear only once. We know that if e contains the colors 2p, 2p + 1 and 2p + 2, then it satisfies the condition of 3-SCF-coloring. Thus we need only to check that the following types of hyderedges:
5. Those which contain colors 2p + 1, 2p + 2 and do not contain color 2p;
6. Those which contain color 2p + 2 and do not contain color 2p + 1.
If e belongs to Type 5, then the color sequence associated with e is a subsequence of
, which can be obtained from C 2p+1 = (C 2p−1 , 2p, B 2p−1 ) by exchanging the positions of C 2p−1 and B 2p−1 , and replacing color 2p with color 2p + 2. Hence in this case e satisfies the condition of 3-SCF-coloring. If e belongs to Type 6, then the color sequence associated with e contains color 2p + 2 and is a subsequence of (B 2p−3 , 2p + 2, C 2p−3 , 2p − 2, B 2p−3 ). For simplicity, we denote the color sequence by D p . Then D 3 is expressed by 1, 5, 3
In this case, we can easily check that e satisfies the condition of 3-SCF-coloring. If p ≥ 4, then D p is expressed by
where the three colors 2p + 2, 2p − 4, 2p − 2 appear only once as in D 3 . If e contains color 2p − 2, then it must contain all the three colors 2p + 2, 2p − 4, 2p − 2 and thus satisfies the condition of 3-SCF-coloring. If e does not contain color 2p − 2, then the color sequence associated with e is a subsequence of
, which can be obtained from C 2p−1 = (C 2p−3 , 2p − 2, B 2p−3 ) by exchanging the positions of C 2p−3 and B 2p−3 , and replacing color 2p − 2 with color 2p + 2. Hence in this case e satisfies the condition of 3-SCF-coloring.
In a word, (2.12) is a 3-SCF-coloring.
Step 2. Suppose m = 2p is an even integer. For p = 1, 2, let C 2 = (1, 2) and C 4 = (1, 2, 3, 4, 1) . For p ≥ 3, we construct the following coloring C 2p basing on C 2p−3 and B 2p−3 , which are defined in Step 1, by
. (2.14)
Denote by |C 2p | the length of the coloring sequence C 2p . Then |C 6 | = 3 × 3 + 2 = 11 = 2|C 4 | + 1, and for any p ≥ 4, we get by (2.14) and Step 1 that
Hence it's enough to show that the coloring (2.14) is a 3-SCF-coloring. Noting that the three colors 2p − 2, 2p − 1, 2p appear only once in (2.14). Then following the idea in Step 1 and by using the property of C 2p−1 , we can easily obtain that the coloring (2.14) is a 3-SCF-coloring. 
Remark 2.7 A natural question arises:
For general k, the two inequalities in Corollary 2.2 can be strengthened to be equalities?
We conjecture that this is true, but we can not give a proof yet. In the following, we do some discussions.
Theorem 2.8 Suppose k, p ∈ N with k = 2p + 1. Then for any l = 1, 2, . . . , we have
Proof. By Corollary 2.2(ii), in order to prove (2.17), we need only to prove that for any l = 1, 2, . . . , we have g k (k + l(p + 1)) ≥ 2g k (k + (l − 1)(p + 1)) + 1, i.e. there exists a k-SCF-coloring for 2g k (k + (l − 1)(p + 1)) + 1 points by using k + l(p + 1) colors. As in the proof of Theorem 2.3, in the following we use one sequence a 1 , a 2 , . . . , a n or (a 1 , a 2 , . . . , a n ) to denote a k-SCF-coloring φ : {1, 2, . . . , n} → {1, 2, . . . , m} for some m with φ(i) = a i for i = 1, . . . , n and denote by C m one k-SCF-coloring for g k (m) points using m colors.
When m = k, let C k = (1, 2, . . . , 2p, 2p + 1). When m = k + (p + 1), we construct the following coloring C k+(p+1) basing on C k by 1, 2, . . . , 2p, 2p + 1 We claim that the above coloring (2.18) is a k-SCF-coloring. Notice that the k colors in {2, 4, . . . , 2p, 2(p + 1), s (2), s(4), . . . , s(2p)} appear only once, and each color in {1, 3, . . . , 2p + 1} appears twice. Let e be any hyperedge of H 2(2p+1)+1 and write e = {i, i + 1, . . . , i + j}(i = 1, 2, . . . , 2(2p + 1) + 1, j = 0, 1, . . . , 2(2p + 1) + 1 − i). If e lies on the left hand side or right hand side of the point with color 2(p + 1), then obviously it satisfies the condition of k-SCF-coloring. Now suppose that e contains the color 2(p + 1). If |e| ≤ k, then any color i ∈ {1, 3, . . . , 2p + 1} appear at most once in e since there are k other colors different from i between the two points with color i. Thus in this case, all points in e have different colors. Now we consider the case |e| ≥ k + 1. Let i = 1 and j ≥ k. If j = k, then the color sequence associated with e is "1, 2, . . . , 2p, 2p + 1, 2(p + 1)", and so all the k + 1 colors in {1, 2, 3, . . . , 2p + 1, 2(p + 1)} appear only once in e. If j = k + q for q = 1, . . . , k, then the color sequence associated with e is 1, 2, . . . , 2p, 2p + 1, 2(p + 1), s(1), . . . , s(q).
If q = 2l + 1 is an odd integer, then k colors in the set {1, 2, . . . , 2p + 1, 2(p + 1)} ∪{s (1), . . . , s(q)}\ {s(1), s(3), . . . , s(q)} appear only once in e; if q = 2l is an even integer, then k + 1 colors in {1, 2, . . . , 2p + 1, 2p + 2, s(1), . . . , s(q)}\{s(1), s(3), . . . , s(q − 1)} appear only once in e. Hence e satisfies the condition of k-SCF-coloring.
For i = 2, 3, . . . , 2p + 1, we can similarly show that e satisfies the condition of k-SCF-coloring. Hence (2.18) is a k-SCF-coloring. Now we neglect the colors {1, 3, . . . , 2p + 1} which appear twice in C k+(p+1) , and only retain the colors appearing only once, to get the followig sequence of colors:
C k+(p+1) : 2, 4, . . . , 2p, 2(p + 1), s(2), s(4), . . . , s(2p).
For convenience, we writeC k+(p+1) by
Basing onC k+(p+1) , we construct the following sequence of colors:
where for odd integer i = 1, 3, . . . , 2p+1, s 1 (a (1) i ) = a (1) i and for even integer i = 2j(j = 1, 2, . . . , p), s 1 (a (1) i ) = 3(p + 1) + j. By the above sequenceC k+2(p+1) and recovering the neglected colors {1, 3, . . . , 2p + 1} in C k+(p+1) , we construct the following coloring C k+2(p+1) by 19) where
1 , 3, a
2 , . . . , 2p − 1, a
p+1 , 1, a
2p+1 , 2p + 1) and B k+(p+1) = (1, s 1 (a
Now we show that (2.19) is a k-SCF-coloring. Notice that the k colors in {a
2p )} appear only once, each color in {a (1) 1 , a (1) 3 , . . . , a (1) 2p+1 } appears twice, and each color in {1, 3, . . . , 2p + 1} appear four times.
Let e be any hyperedge of H 2(2k+1)+1 and write e = {i, i + 1, . . . , i + j}(i = 1, 2, . . . , 2(2k + 1) + 1, j = 0, 1, 2(2k + 1) + 1 − i). If e lies on the left hand side or right hand side of the point with color 3(p + 1), then it satisfies the condition of k-SCF coloring by our construction and k-SCF property of C k+(p+1) . Now suppose that e contains the color 3(p + 1). If |e| ≤ k, then each color in {1, 3, . . . , 2p + 1} ∪ {a
3 , . . . , a (1) 2p+1 } appear at most once in e since for any color i ∈ {1, 3, . . . , 2p + 1}, there are at least k other colors different from i between any two points with color i; and for any color i ∈ {a Now we consider the case |e| ≥ k + 1. Let i = 1 and j ≥ k. If k ≤ j ≤ 2k + 1, then the color sequence associated with e is a subsequence of (C k+(p+1) , 3(p + 1)), and thus it satisfies the condition of k-SCF-coloring. If j = 2k + 2, . . . , 2(2k + 1), then all the colors in {1, 3, . . . , 2p + 1} appear at least twice in e. Thus e satisfies the condition of k-SCF-coloring if and only if there exist at least k colors inC k+2(p+1) such that they appear only once in e, which is true by the fact that the color sequence associated with e contains (C k+(p+1) , 3(p + 1)) as a subsequence, and the proof that (2.18) is a k-SCF-coloring.
For i = 2, 3, . . . , 2k + 1, we can similarly show that e satisfies the condition of k-SCF-coloring. Hence (2.19) is a k-SCF-coloring.
The above constructions for two colorings C k+(p+1) and C k+2(p+1) are recursive. Hence for any l = 1, 2, . . . , there exists a k-SCF-coloring for 2g k (k + (l −1)(p + 1)) + 1 points by using k + l(p + 1) colors. The proof is complete.
Corollary 2.9 Suppose k, p ∈ N with k = 2p + 1. Then for any l = 1, 2, . . . , we have
Proof. For any l = 1, 2, . . . , letĝ l := g k (k + l(p + 1)) + 1. Then by Theorem 2.8, we havê
which together withĝ 0 = k + 1 implies thatĝ l = 2 l (k + 1). Hence (2.20) holds.
We remark that Horev et al. [16] show that f Hn (k) ≤ k log n (as a special case of a more general framework), and Gargano and Rescigno [14] show that
By Corollary 2.9, we can get the following bounds.
Corollary 2.10 (i) If k = 2p + 1 is an odd natural number. Then for any n = k + 1, k + 2, . . . , we have
(ii) If k = 2p is an even natural number. Then for any n = k + 2, k + 3, . . . , we have
. . , then we have
Hence by Corollary 2.9, we have
(ii) By the monotone property of f Hn (k) with respect to k and (i), we have
and
In this section, we consider k-CF-coloring of H n for any k = 1, 2, . . . and obtain the following result.
Online k-CF-coloring of hypergraphs
To capture a dynamic scenario where antennae can be added to the network, Chen et al. [8] initiated the study of online conflict-free colouring of hypergraphs. They proposed a natural, simple, and obvious coloring algorithm called the UniMax greedy algorithm, but showed that the UniMax greedy algorithm may require Ω( √ n) colors in the worst case. They also introduced a 2-stage deterministic variant of the UniMax greedy algorithm and showed that the maximum number of colors that it uses is Θ(log 2 n). In addition, they described a randomized version of the UniMax greedy algorithm, which uses, with high probability, only O(log n) colors.
Among other results, Fiat et al. [13] provided a randomized algorithm for online conflict-free coloring of n points on the line with O(log n log log n) colors with high probability. Chen, Kaplan and Sharir [7, 9] considered the hypergraphs induced by points in the plane with respect to intervals, half-planes, and unit disks and otained randomized online conflict-free coloring algorithm that use O(log n) colors with high probability.
Bar-Noy et al. [5] gave a more general framework for online CF-coloring of hypergraph than [7, 8, 9] . This framework is used to obtain efficient randomized online algorithms for hypergraphs provided that a special parameter referred to as the degeneracy of the underlying hypergraph is small.
In this section, we extend some results about the online conflict-free coloring in [5] to online k-CF-coloring. At first, we give some necessary definitions. Notice that 1-proper non-monochromatic coloring is just proper or non-monochromatic coloring.
Definition 4.3 Let k > 0, q > 0 be two fixed integers and H = (V, E) be a hypergraph on the n vertices v 1 , v 2 , . . . , v n . For a permutation π : {1, 2, . . . , n} → {1, 2, . . . , n}, and t = 1, . . . , n, define
where d k (v π(j) ) = |{e ∈ D k+1 (H({v π(1) , . . . , v π(j) })) : v π(j) ∈ e}|. If, for any permutation π and any t ∈ {1, 2, . . . , n}, we have S π k (t) ≤ qt, then we say that H is q-degenerate of degree k.
Notice that q-degenerate of degree 1 is just q-degenerate defined in [5] .
Basing on the framework in Section 3 of [5] (we need only to replace "proper non-monochromatic coloring" with "k-proper non-monochromatic coloring") and following the proof of [5, Theorem 4.1], we obtain the following result. Theorem 4.4 Let H = (V, E) be a q-degenerate hypergraph of degree k on n vertices. Then, there exists a randomized online k-CF-coloring algorithm for H which uses at most O(log 1+ 1 4q+1 n) = O(qlogn) colors with high probability against an oblivious adversary.
Since the proof is similar to [5, Theorem 4 .1], here we omit the details and refer to [11] for the complete proof.
